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Introduction

The transfer of quantum states is a crucial operation in quantum
communication and quantum computation, as it enables the exchange of
quantum information between different quantum processing units.

The problem of state transfer is setting up a collection of qubits that
allow the information to be transferred from one location to another by
using continuous-time quantum walks.

Continuous-time quantum walks, initially used by Farhi and Gutmann [7],
plays an important role in analysing various quantum transportation
phenomena.
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Definition

Let G be a finite, simple and undirected graph with adjacency matrix A.

The Laplacian matrix of G is defined as L = D −A, where D is the
degree matrix of G.

The transition matrix

UL(t) := eitL =
∑
n≥0

(itL)n

n!
, i =

√
−1, t ∈ R

determines a continuous-time quantum walk on G.

Since L is real symmetric, UL(t) is symmetric and also unitary.
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Spectral Decomposition

Suppose the Laplacian matrix L of G has distinct eigenvalues

0 = λ0 < λ1 < . . . < λd.

The spectral decomposition of L is

L =

d∑
r=0

λrFr,

where Fr is the orthogonal projection of λr. Furthermore,
d∑

r=0

Fr = I.

F 2
r = Fr and FrFs = 0 if r ̸= s.

If f(x) is a polynomial function, then f(L) =

d∑
r=0

f(λr)Fr.
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Laplacian Perfect State Transfer

A graph G is said to have Laplacian perfect state transfer (LPST) at time
τ ∈ R, if

UL(τ)eu = γev, γ ∈ C. (1)

In case u = v and τ ̸= 0, the graph G is periodic at vertex u.

The study of perfect state transfer in quantum spin networks was
initiated by Bose [4] in the context of information transfer.

By spectral decomposition, the transition matrix

UL(t) =

d∑
r=0

eitλrFr. (2)

The eigenvalue support of a vertex u is the set,

Λu(G) = {λj : Fjeu ̸= 0}.
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Some known results

In [6], we see that for any graph G if u ∈ V (G) is periodic, then the
eigenvalues in the eigenvalue support of vertex u must be integers.

In the study of state transfer, these quantum walks relative to adjacency
and Laplacian matrix of a regular graph are equivalent.

Bose et al. [4] showed that the complete graph Kn does not exhibit
LPST, however, deleting an edge in K4n allows LPST between the
vertices of removed edge.

Coutinho and Liu [5] showed that the only path that allows LPST is P2.

The small graphs which exhibit LPST are P2, C4 and K4\e.

Swornalata Ojha (NIT Rourkela) Laplacian State Transfer on Graphs February 12, 2024 7 / 13



Some known results

In [6], we see that for any graph G if u ∈ V (G) is periodic, then the
eigenvalues in the eigenvalue support of vertex u must be integers.

In the study of state transfer, these quantum walks relative to adjacency
and Laplacian matrix of a regular graph are equivalent.

Bose et al. [4] showed that the complete graph Kn does not exhibit
LPST, however, deleting an edge in K4n allows LPST between the
vertices of removed edge.

Coutinho and Liu [5] showed that the only path that allows LPST is P2.

The small graphs which exhibit LPST are P2, C4 and K4\e.

Swornalata Ojha (NIT Rourkela) Laplacian State Transfer on Graphs February 12, 2024 7 / 13



Laplacian Pretty Good State Transfer

Laplacian perfect state transfer is a very rare phenomena, so a relaxation is
considered.

A graph G is said to have Laplacian pretty good state transfer (LPGST)
if there is a sequence {τk} ∈ R such that

lim
k→∞

UL(τk)eu = γev, γ ∈ C. (3)

In case u = v, the graph G is almost periodic at u.

In [2], we see that LPGST occurs on path Pn between the extremal
vertices if and only if n is a power of 2.
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Corona of graphs

The corona product G ◦H of two graphs G and H (where G has n vertices
and m edges) is defined as the graph G′ obtained by taking one copy of G and
n copies of H, and then joining the ith vertex of G to every vertex in the ith
copy of H by an edge.

H1

H2 Hn−1

Hn

G

Figure: Corona G ◦H.
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Theorem [3]

Let G be a graph on n vertices and H be a graph on m vertices. suppose G
has spectrum 0 = λ0 < λ1 < . . . < λp with multiplicities r0, r1, . . . , rp, and H
has spectrum 0 = µ0 < µ1 < . . . < µq with multiplicities r0

′, r1
′, . . . , rq

′. Then
the corona G ◦H has the following spectrum:

1 with multiplicity n(r0
′ − 1);

µj + 1 with multiplicity nrj
′, for each j = 1, 2, . . . , q;

1
2 (λj +m+ 1±

√
(m+ λj − 1)2 + 4m) with multiplicity rj , for each

j = 1, 2, . . . , p.
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Continue...

In [1], we see that there is no LPST between any pair of vertices in the
corona product of two graphs, whenever the first graph has at least two
vertices, as no vertex of the graph contains integer eigenvalues in its
eigenvalue support.

Ackelsberg et al. [1] showed that if H is a graph on m ≥ 1 vertices, then
K2 ◦H has LPGST between the vertices of K2.

Also they showed that, the corona product of the cocktail party graph
nK2, n ≥ 2 with a single vertex graph admits LPGST.

Problem

To find the values of n for which the graph Kn ◦Km exhibits Laplacian pretty
good state transfer for all m.
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