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Definitions and Background
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Vertex Coloring

Vertex Coloring

A proper vertex coloring of a graph G is an assignment of colors to the
vertices such that no two adjacent vertices receive the same color.

The Chromatic Number of G, denoted by x(G), is the minimum number
of colors required for a proper vertex coloring of a graph G.

x(K3) =3
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Vertex Coloring

Theorem 1 (Brooks 1941)

For a graph G with maximum degree A(G),

A(G)+1 if G is a complete graph or an odd cycle,

(€)= {A(G) otherwise.
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Edge Coloring of Graphs
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Edge Coloring

Edge Coloring

A proper Edge Coloring of a graph G is an assignment of colors to its
edges such that no two edges incident on a vertex receive the same color.

The Edge Chromatic Number of G, denoted by x/(G), is the minimum
number of colors required for a proper edge coloring of the graph G.
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Edge Coloring

Theorem 2 (Vizing 1964)

For a graph G with maximum degree A(G),

A(G) < X(6) < A(G) +1

Definition 3

G is of Class 1 if x'(G) = A and is of Class 2 if x/(G) = A +1
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Total Coloring

Total Coloring

A total coloring of a graph G is a coloring of the vertices and the edges
such that:

@ no two adjacent vertices receive the same color (vertex coloring),
@ no two adjacent edges receive the same color (edge coloring),

o If a vertex x is incident on an edge e ( end point of €), then x
and e receive different colors .
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Total Coloring

Total Coloring

A total coloring of a graph G is a coloring of the vertices and the edges
such that:

@ no two adjacent vertices receive the same color (vertex coloring),
@ no two adjacent edges receive the same color (edge coloring),

o If a vertex x is incident on an edge e ( end point of €), then x
and e receive different colors .

The Total Chromatic Number of G, denoted by x7(G) or x”(G), is the
minimum number of colors required for a total coloring a graph G.
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Total Coloring
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Total Coloring

Total Coloring Conjecture (Behzad 1965, Vizing 65)

Let A(G) is the maximum degree of the graph G.

A(G)+1 < ¥'(G) < A(G) +2
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Total Coloring Classification Problem

Total Coloring Conjecture (Behzad 1965, Vizing 65)

Let A(G) is the maximum degree of the graph G.

A(G)+1<X"(G) < A(G) +2
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Total Coloring Classification Problem

Total Coloring Conjecture (Behzad 1965, Vizing 65)

Let A(G) is the maximum degree of the graph G.

A(G)+1<X"(G) < A(G) +2

For a graph G which satisfies the Total Coloring Conjecture, there is a
natural classification into two categories:

Aseem Dalal and B. S. Panda (IITD)  On Total Chromatic Number of Complete Mt February 15, 2024 12 /44



Total Coloring Classification Problem

Total Coloring Conjecture (Behzad 1965, Vizing 65)

Let A(G) is the maximum degree of the graph G.

A(G)+1<X"(G) < A(G) +2

For a graph G which satisfies the Total Coloring Conjecture, there is a
natural classification into two categories:

_ Type 1 if X" = A(G) + 1,
G is of )
Type 2 if X" = A(G) + 2.
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Complete Multipartite Graphs
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Complete Multipartite Graphs

Definition 4

The complete p-partite graph K = K(V1, Va,..., V,), |Vi| =1,

n < r,-, < rp, is the graph with vertex set V(K) = U?_, V; (each set V; is
called a part) in which two vertices are joined if and only if they occur in
different parts of K. It is also denoted as K = K(r1, o, ..., rp)
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Complete Multipartite Graphs

K(r17r27 r3) = K(2’373)

SN X

ARSSHK

Aseem Dalal and B. S. Panda (IITD)  On Total Chromatic Number of Complete Mt February 15, 2024



Complete Multipartite graph is simple but Complex

o Complete Multipartite graph is sufficiently complex that settling the
values of its graph parameter is often a challenge.

@ It was only in 1992, the classification problem for this class with
respect to the chromatic index was settled.

@ It was shown by Hoffman and Rodger that K is of class 2 (
X'(G) = A(G) + 1) iff it is overful ( |E| > A(G)[35])
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TCC for Complete Multipartite Graphs

Theorem 5 (Rosenfeld (71))

For a balanced complete multipartite graph K(V1, Va, ..., V,) (all parts
are of same size),
X'(K) < A(K) +2
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Lemma 6 (Chetwyand and Hilton; Yap, Wang and Zhang [1986] )

Let G be a graph of order n. If G contains an independent set S of
vertices such that |G — S| < A + 1, then

X"(G)<A+2

Theorem 7 (Yap[89])

For a complete multipartite graph K(V1, Vo, ..., V),

X'(K) < A(K) +2

Take S = V), the largest part. Now |V(K)\ S| < A(G)+ 1. Hence TCC
holds for K(V1, Va, ..., Vp). O
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Classification: Complete Multipartite graph with odd
Order

Theorem 8 (Chew and Yap[92]; Hoffman and Rodger[92])
Let K be a complete multipartite graph such that |V (K)| is odd,

X'(K) = A(K) + 1
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Balanced complete Multipartite Graph

Theorem 9

( Bermond (1974) x1(K(r,n)) = A(K(r,n)) +2 if r =2 or r is even and
n is odd else A(K(r,n))+1

( K(r, n) denotes balanced complete multipartite graph having r parts
each of size n)
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Classification: Complete Multipartite graph with even

Order

Theorem 10 (Hoffman and Rodger(96))

Let K(ri, r, ..., rp) be a complete multipartite graph such that
|V(K)| =2n. If

2n—n ifp=2or
def(K) > if p is even, rnis odd, and i = r,_1,

2n —r, otherwise,

then K is of Type 1, where def (G) = Z,cv(6)(A(G) — dg(v)).
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Conjecture (Hoffman and Rodger(96)
A complete multipartite graph K(ri, ra, ..., rp) is of Type 2 if and only if

1. p=2and K is regular, or

2. |V(K)| is even and def (K) is less than the number of parts of odd
size.
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Results based on size of parts

Theorem 11 (Chew and Yap[92]

Let K(ri, r, ..., rp) be a complete multipartite graph. If ri < r», then K
is of Type 1.

\

Theorem 12 (Dong and Yap[2000])

Let K(ri,r, ..., rp) be a complete multipartite graph such that |V (K)| is
even. If b < r3—2, then K is of Type 1.

v

Theorem 13 (Dalal, Panda and Rodger[2016])

Let K(r1,r,...,rp) be a complete multipartite graph such that |V (K)| is
even. If rn < r3, then K is of Type 1.

v

Theorem 14 (Dalal, Panda and Rodger[2023])

Let K(ri, r, ..., rp) be a complete multipartite graph such that |V (K)| is
even. If 3 < ry, then K is of Type 1.

o
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Results based on numbers of parts

Theorem 15 (Chew and Yap[92])

Let K(r1, r2, r3) be a complete 3-partite graph of even order. Then K is of
Type 1.

Theorem 16 (Dong and Yap[2000])

Let K(ri,r2,...,r) be a complete 4-partite graph of even order. Then K
is of Type 2 if and only if def(K) is less than the number of parts of odd
size.

Theorem 17 (Dalal and Rodger[2014])

Let K(r,ra, ..., rs5) be a complete 5-partite graph of even order. Then K
is of Type 2 if and only if def(K) is less than the number of parts of odd
size.
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Techniques Used in Proofs

e Traditional Proof Technique (/3-Biased Coloring)
e Amalgamation technique [Dalal and Rodger (2014)]
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[-biased coloring

3 Steps:
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iased coloring

3 Steps:

@ Color the vertices of one part, say 3, using one color. Color the
maximum matching M in the remaining graph G — 3 with the same
color
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[-biased coloring

3 Steps:

@ Color the vertices of one part, say 3, using one color. Color the
maximum matching M in the remaining graph G — 3 with the same
color

@ Add a vertex v to all the vertices of the graph, except for vertices in

3.
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[-biased coloring

3 Steps:

@ Color the vertices of one part, say 3, using one color. Color the
maximum matching M in the remaining graph G — 3 with the same
color

@ Add a vertex v to all the vertices of the graph, except for vertices in
B.

@ Using the edge coloring techniques, find the proper edge coloring of
the G* = G + {v} — M using A(G*).
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@ Edge coloring classification problem itself is open.

@ Most of the results use the property that if a core of a graph is a
forest, then it is class 1. (core of a graph is the sub-graph induced by
the vertices of maximum degree). However, not many graphs can
have this property. For example, K(r,r,r,r,r,r,r+1)
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Graph Amalgamations

@ H is an amalgamation of G if there exists a function v called an
amalgamation function from V(G) onto V(H) and a bijection
¢ : E(G) — E(H) such that e joins v and v in E(G) if and only if
¢'(e) joins ¢(u) and ¥(v) in E(H).

K(2,3,3) K’

Figure: Amalgamation of K(2,3,3) into K’ where V(K’) = {1,2,3}.
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Graph Amalgamations

@ Associated with v is the number function n : V(H) — N defined by
n(v) = [~(v)|, for each v € V(H). G is a detachment of H if
there exists an amalgamation function ) of G onto H such that
1w ({u})| = n(u) for every u € V(H). Some authors refer to
detachments as disentanglements.

@ The subgraph of G induced by the edges colored j is denoted by G(j).
For a graph G, mg(u, v) denotes the number of edges joining vertices
u and v in G, and /g(u) denotes the number of loops incident to
vertex u. If x,y are real numbers, then | x| and [x]| denote the
integers such that x — 1 < [ x| < x < [x] < x+ 1, and x &~ y means
ly) <x <[yl
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Bahamanian and Rodger [J. Graph Theory (2012)]

Theorem 18

Let H be a k-edge-colored graph and n be a function from V(H) into N
such that for each w € V(H), n(w) =1 implies Iy = 0. Then there exists
a loopless n-detachment G of H with amalgamation function

¢ : V(G) — V/(H), n being the number function associated with 1 such
that G satisfies the following conditions:

@ dc(u) = dy(w)/n(w) for each w € V(H) and each u € = 1(w);

Q dg(j)(u) = dygy(w)/n(w) for each w € V(H), each u € 1)~ (w) and
each j € Ny;

Q@ mg(u,v) = my(w,z)/(n(w)n(z)) for every pair of distinct vertices
w,z € V(H), each u € Y (w) and v € ¢y~1(z); and

Q mgj(u,v) = myy(w,z)/(n(w)n(z)) for every pair of distinct
vertices w,z € V(H), each u € ¥~1(w), v € ¥»~1(z) and each
J € Ny.

v
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Total Coloring using Graph Amalgamations

Our technique

@ Let K’ be an amalgamation of complete multipartite graph K, where
|V(K")| = k', ¢ and 7 be the amalgamation function and the
associated number function, respectively. For simplicity, assume that
V(K') = Ny.

e Find A(K) + 1 subgraphs of K’, each with degree sequence majorized
by (n(1)),...,n(k")), so that their union forms a graph in which for
1 <i<j<mn(k') vertices i and j are joined by exactly n(i)n(j) or 0
edges as the case may be,

e Disentangle K’ to get K (using Bahamanian-Rodger Theorem) , the
vertices of K are colored using only the A(K) + 1 colors while
ensuring that the properties of total coloring are satisfied.

It is convenient to consider each subgraph as a color class.
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Total Coloring using Graph Amalagmations

Our technique follows four general steps:

© Kk or k' —1 color classes of K’ are defined in which each vertex
i€{1,...,k'} has degree as close to 7n(i) as possible except for one
which has degree 0.

@ Many color classes of K’ with degree sequence (n(1)),...,n(k"))
saturating all the vertices are found.

@ The remaining edges of K’ are partitioned into few remaining color
classes.

@ Using Bahamanian-Rodger Theorem , K’ is disentangled to get K.
Most vertices of K are then colored using colors in step (1) and left
ones are colored using color(s) in step (3).

This may be seen in contrast with the technique of Dalal and Rodger
[Graphs and Combinatorics (2014)], though not stated in above form.
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Dalal and Rodger [Graphs and Combinatorics (2014)]

e For a complete multipartite K = K(V4, ..., V,), their approach would
always have a fixed amalgamation function 1) : V(K) — V(K') such
that ¥(Vi) = {i} and n(i) = ri for 1 <i < p.

@ In Step (1), p color classes would be defined.

@ In Step (4), the following result of Leach and Rodger is used, and
only p color classes (of step 1) would be used to color the vertices of
K by coloring all the vertices in each of p parts by one of the p colors.

Theorem 19 (Leach and Rodger[2004])

Let1<n <n<...<rp,and G be the multigraph on the p vertices

Vi, ..., Vp in which v; is joined to v; with rir; edges. Let A = Z?:z r.
Suppose there exists a (A + 1)-edge-coloring of G in which each vertex v;
is incident with x; j < r; edges of color j. Then there exists a proper

(A + 1)-edge-coloring of K(r1,...,rp) in which for 1 < i < p) each vertex
in Vj is incident with exactly | x;i/r;] or [x;j/ri| edges colored j. (So each
color class is a matching.)

v
™ = = — oyt
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Complete 5-partite Graphs

Theorem 20 (Dalal and Rodger[2014])

Let K(ri,r2,...,rs) be a complete 5-partite graph of even order. Then K

is of Type 2 if and only if def(K) is less than the number of parts of odd
size.
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Complete 6-partite Graphs

Using previous known results (Theorems 10 ( deficiency) , 11 ( n < ),
13 (rn<r)and 14 ( r3 < ry) ), the following cases were required to be
settled.

Q@ K(ryryryryr+2,r+2)
6 K(ryryryryr+1,r+3)
K(ryryryryryr+4)

0 K(ryryryryryr+2)
Q@ K(r,r,ryryr+1,r+1)
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Complete 6-partite Graphs

K(r,r,r,r,r,r+4), when r is odd

@ This subcase requires special attention as any total coloring of K in
which all the vertices of Vg are colored the same would leave at least
one vertex v € V4 U...U V5 unsaturated.

@ However, all the vertices in Vj U...U Vs are of the maximum degree,
and thus such a total coloring would require at least A(K) + 2 colors.

@ The approach by Dalal and Rodger [Graphs and Combinatorics
(2014)], which requires coloring of all the vertices in same part with
the same color, would not yield a A(K) + 1 total coloring.
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Complete 6-partite Graphs

Let K’ be an amalgamation of K (where V(K’) ={1,2,...,7}) with
amalgamation function ¢ : V(K) — V/(K') as defined below:
o (Vi) = {i} for 1 <7 <5 (Ve \ {a}) = {6}, and ¥({a}) =7,
where a is an arbitrary vertex in V5.
@ The associated number function n: V(K’) — N thus is defined as:
n({i}) =rfor1<i<5, n{6})=r+3and n({7})=1.

For odd r > 3, there exists an equitable 5-edge-coloring of
(r—1)«Ks+4xK[{1,2,3,4,5},{6}] + K[{1,2,3,4,5},{7}], where
V(Kes) = N, such that the degree sequence of each color class is
(ryryryryryr+3,1).
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Complete 6-partite Graphs

Let V(Ks) = {1,...,6} and let C; be the set of edges colored ¢; for
1<i<A(K)+1=5r+5, defined as follows: (note that each color class
is majorized by (n(1),...,n(6),n(7)) = (r,r,r,r,r,r+3,1)).
1 Let {W4,..., Ws} be a decomposition of 2 * Kg into 6 cycles of
length 5 with vertex i missing in W; for 1 < i < 6 (this exists - refer

[BHMS11]).
o G =1« Wi+ K[{2,3,4,5},{6}]
° C2 = rgl * Wo + K[{133a4,5}, {6}] \ {576} + {577}
o (3= ’51 * Ws + K[{1,2,4,5},{6}] \ {4,6} + {4,7}
o (4= ’El « Wy + K[{1,2,3,5},{6}] \ {3,6} + {3,7}
o Gy = rgl * Ws + K[{1,2,3,4},{6}] \ {2,6} + {2,7}.
G = ’51 * We + {1, 7}+ [{2,4},{3,5}]

2 Use Lemma 1 to produce (5)-color classes My, M, ..., Ms in K’ such
that U2_; M; induces
(r—1) = Ke +4xK[{1,2,3,4,5},{6}] + K[{1,2,3,4,5},{7}].

Aseem Dalal and B. S. Panda (IITD)  On Total Chromatic Number of Complete Mt February 15, 2024 38 /44



Complete 6-partite Graphs

2 Take (r — 1) copies of each of My,..., Ms to form (5r — 5) new color
classes.

3 Let G and G, be a decomposition of Ks into cycles of length 5 where
G = [{2,4},{3,5},{1,4},{2,3},{1,5}] and
G =1[{3,4},{1,3},{2,5},{4,5},{1,2}]. Define the 4 color class as
follows:

C5r+2 - {5a6} + {174} + {2? 3} + I’El * Cl

Gsrs =1{2,6} +{1,5} + {3,4} + 52+ G

C5r+4 = {476} + {1, 3} + {2, 5} + r;l * Cl

Corys = {376} + {4’ 5} + {17 2} + rgl * G
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Complete 6-paritite Graphs

4 Using Bahamanian-Rodger Theorem, disentangle K’ to get K with all
its edges properly colored using A(K) + 1 colors ¢y, ..., cat1.

e For 1 </ <5 the color ¢; is absent from the vertex {i} in K'.

o Therefore, for 1 < i <5, the color ¢; is absent from all the vertices in
¥~ 1({i}) = V; € K, and we color them with ¢;.

o In K’, vertex {6} is unsaturated by color class Cs and thus color ¢ is
absent from all the vertices in = 1({6}) = Vs \ {a}.

o Color all the vertices in Vg \ {a} with c.

o In K’ the vertex {7} is unsaturated by the color class Cs, 2 and thus
color cs,4 2 is absent from all the vertices in 1 ~1({7}) = {a}.

o Color vertex a € Vg with cs,4o.
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